Abstract. For a variety where a connected linear algebraic group acts with only finitely many orbits, each of which admits an attractive slice, we show that the stratification by orbits is perfect for equivariant intersection cohomology with respect to any equivariant local system. This applies to provide a relationship between the vanishing of the odd dimensional intersection cohomology sheaves and of the odd dimensional global intersection cohomology groups. For example, we show that odd dimensional intersection cohomology sheaves and global intersection cohomology groups vanish for all complex spherical varieties.
Introduction.
This paper should be viewed as a continuation of the paper [J-1] by the second author. There equivariant intersection cohomology was applied to provide a geometric proof of the vanishing of odd dimensional local and global intersection cohomology for Schubert varieties and also certain other varieties. We briefly recall this situation as follows. Let X denote a projective variety provided with the action of a torus T and such that the odd dimensional middle intersection cohomology groups of X are trivial. We showed that now the odd dimensional middle intersection cohomology sheaves of X also vanish provided the following criteria are satisfied: there exists a T -stable decomposition of X into locally closed smooth strata so that (i) each stratum has a T -fixed point and (ii) the middle intersection cohomology sheaves are locally constant on each stratum.
Unfortunately condition (i) is not satisfied in many situations: for example complete toric or spherical varieties and orbit closures of symmetric subgroups in flag manifolds. In the latter case, the vanishing of all odd dimensional intersection cohomology sheaves was obtained by Lusztig and Vogan, see [L-V] . The proof is rather involved, using a generalization of the Kazhdan-Lusztig theory and also representation theory of real reductive groups. Another proof, using an analysis of the orbit structure, has been obtained recently by Mars and Springer; see [M-S] .
One of the original motivations for this paper was to give a general geometric explanation of this vanishing phenomenon using equivariant intersection cohomology (see [Bryl] and [J-1] ) which is a variant of intersection cohomology that incorporates the group action into its very definition. One of our main results (Theorem 2) is that the the stratification by orbits is perfect for equivariant intersection cohomology of certain varieties. Using this as a tool, we obtain several general results relating the vanishing of the global odd dimensional intersection cohomology with the vanishing of the odd dimensional intersection cohomology sheaves with respect to equivariant local systems. For example we show the vanishing of the odd dimensional intersection cohomology sheaves with respect to the constant local system (up to taking certain invariants) for the orbit closures of symmetric subgroups on flag manifolds (Theorem 5). Using the local structure of spherical varieties, we also show that the odd dimensional intersection cohomology sheaves vanish for these varieties and all local systems (Theorem 4).
All the results in this paper extend to arbitrary characteristics. However, the proofs of Theorems 1 and 4 are much simpler over the field of complex numbers, whereas given Theorem 1, the proofs of Theorem 2, Corollary 3 and Theorem 5 adapt to positive characteristics with minor modifications. Theorem 1 is extended to positive characteristics in the accompanying paper [J-4] by the second author; (modulo a technical condition) Theorem 4 is extended to positive characteristics in a forthcoming paper [J-5] .
Most of our results are stated explicitly only in characteristic 0; however we provide all the definitions in arbitrary characteristics so that the statements make sense in full generality.
We thank the referee for several valuable suggestions.
Notation and conventions
(0.1) Throughout this paper, k will denote an algebraically closed field of arbitrary characteristic p ≥ 0. We denote by G a linear algebraic group, and by G 0 the connected component of the identity in G. A separated reduced scheme X of finite type over k will be called a variety; observe that varieties need not be irreducible. If X is provided with an algebraic action of G, we will say that X is a G-variety.
A G-variety will be called locally linear if it is a union of G-stable open subvarieties, each of them admitting a G-equivariant locally closed embedding into the projectivization of a G-module. For example, any normal G-variety is locally linear (this follows from [Su] Theorem I and Lemma 8 if G is connected, and it is shown in [J-3] (1.9) that the hypothesis that G be connected may be dropped.) We will only consider varieties which are locally linear and equidimensional.
(0.2) Consider a G-variety X and a point x ∈ X; let Gx be its G-orbit and G x its isotropy group. A slice to Gx at x is a locally closed subvariety S of X containing x and satisfying the following two conditions:
(i) There exists a maximal torus T x of G x such that S is stable under T x .
(ii) The map G × S → X sending (g, x) to gx is smooth at (e, x), and the dimension of S is the codimension of Gx in X.
Note that S exists if and only if the orbit map G → Gx is separable. In particular, S always exists in characteristic 0; then it may be chosen stable under a maximal reductive subgroup of G x . Moreover, by shrinking S if necessary, we may assume that the map G × S → X is smooth everywhere and that S is affine.
(0.3) Let T denote a torus acting on a variety X with a fixed point x. We say that x is attractive if there exists a one parameter subgroup λ : G m − → T such that, for all y in a Zariski neighborhood of x, we have lim t→0 λ(t)y = x. Equivalently, all weights of T acting on the Zariski tangent space at x are contained in an open half-space. In the situation of (0.2), we say that S is an attractive slice, if x is an attractive fixed point for the action of T x on S. (See Appendix (A.1) for further details on attractive fixed points.) (0.4) Let X be a variety. We denote by H * (X) the cohomology ring of X with rational coefficients in characteristic 0 (the l-adic cohomology of X in positive characteristics). If L is a local system (see Section 1) on a smooth open subvariety of X, then IH * (X; L) will denote the corresponding intersection cohomology for the middle perversity. If moreover L is constant, we simply write IH * (X) for IH * (X; L). For a G-equivariant local system (see Section 1), we will denote by H * G (X; L) (IH * G (X; L)) the corresponding equivariant cohomology (the equivariant intersection cohomology for the middle perversity, respectively); these are discussed in Section 1. Both H * G (X) and IH * G (X; L) are modules over H * (BG), the equivariant cohomology ring of the point.
For any integer n, we denote by H n (IC(X; L)) the n-th cohomology sheaf of the middle intersection cohomology complex on X. The stalk of the sheaf H n (IC(X; L)) at a point x will be denoted H n (IC(X; L)) x , while the local intersection cohomology with support in x will be denoted IH n x (X; L). They are related as follows:
where L ∨ denotes the dual of L and d denotes the dimension of X.
(0.5) In characteristic p > 0, we will assume all the varieties we consider are obtained by base extensions from varieties defined over some finite extension of F p .
(0.6) Throughout the paper we adopt the cohomology notation for perverse sheaves as in [J-1] . i.e. a complex of sheaves K on a variety X of dimension d is perverse if the dimensions of the supports of the sheaves H n (K) and
a complex K is defined to be perverse if the dimensions of the supports of the sheaves H n (K) and H n (D(K)) are ≤ −n for all n.)
Now we begin with the following basic result that will be used repeatedly. (See section 1 for the notations. The equivariant derived category D G b (X) is defined in (1.2.1) and (1.3.2) while equivariant hypercohomology H * G is defined in (1.3.6).) Theorem 1. Let H be a closed normal subgroup of G such that the quotientḠ = G/H is finite. Let X be a G-variety and let
(ii) Moreover one has an identification H *
F is a G 0 -equivariant sheaf and one has the isomorphisms
where D(K) denotes the Verdier dual of K.
The proof of this theorem is considerably simpler in characteristic 0 where one has a fibration BH → BG → BḠ. The extension to positive characteristics requires the use of new techniques and is discussed in detail in the accompanying paper [J-4] .
The following is our first main result.
Theorem 2. Let X denote a G-variety containing only finitely many orbits, each of which admits an attractive slice. Let L denote a G-equivariant local system on the union of all open orbits in case G is connected and a constant local system in case G is not connected. Then the following hold. (ii) For O = Gx, the group of components G x /G 0 x acts on H * (BG 0 x ) and on IH * x (X; L), and one has an isomorphism:
One may interpret statement (i) as saying that the stratification by orbits is perfect for equivariant intersection cohomology provided the hypotheses in Theorem 2 are satisfied. (This is analogous to a result of Kirwan: the stratification by "instability type" of any projective nonsingular G-variety is perfect for equivariant cohomology, see [K] .) Corollary 3. (i) Assume in addition to the hypotheses of Theorem 2 that IH n (X; L) = 0 for all odd
x vanishes in all odd degrees and for all x ∈ X.
(ii) If, in addition, G x is connected, then IH n x (X; L) vanishes for all odd n. (iii) Suppose in addition to the hypotheses in (i) that G x is the semi-direct product of a connected solvable group and a finite group F x . Then F x acts on IH * x (X; L) and (IH * x (X; L))
Fx vanishes in all odd degrees.
Observe that the hypotheses of (i) and (ii) are satisfied by all toric varieties (in fact, all their isotropy groups are connected). Therefore the above corollary establishes the vanishing of the odd dimensional intersection cohomology sheaves for toric varieties. (See also [B-B-F-K] .)
The following are the remaining results of the paper.
Theorem 4. Assume the ground field k is of characteristic 0. Let G denote a connected reductive group and let X denote a spherical G-variety. Let L denote a G-equivariant local system on the open G-orbit in X. Then IH n x (X; L) = 0 for all odd n and all x ∈ X. For the next statement, we assume that p = 2. Let G denote a connected reductive group and let θ be an automorphism of order two of the algebraic group G. Let K denote the fixed point subgroup of θ and let B denote a Borel subgroup of G. Then K acts on the flag manifold G/B with finitely many orbits each of which admits an attractive slice by [M-S] . Our geometric methods yield the following theorem in Section 4.
Theorem 5. Let X denote the closure of a K-orbit on G/B. Then IH n (X) and (IH n x (X))
x vanish for all odd n and all x ∈ X.
(In fact, IH n x (X; L) vanishes for all K-equivariant local systems L on X and for all odd n, see [L-V] and also [M-S] .)
The organization of the paper is as follows. We begin with a brief review of equivariant derived categories and equivariant intersection cohomology in Section 1. (Some of the material here is available in the literature: but this is often stated only in characteristic 0 and for constant local systems, and the extension to positive characteristics is not straightforward.) We conclude this section with a technique whereby we are able to reduce consideration of local systems to the constant system, at least for the action of connected groups. Section 2 is devoted to the proof of Theorem 1. The main result of Section 3 is Theorem 2. Corollary 3 is also established there. In Section 4 we prove Theorems 4 and 5. We discuss some details on actions of the multiplicative group in an Appendix.
Equivariant intersection cohomology and equivariant derived categories
We begin with the following definition of equivariant derived categories that is valid in characteristic 0 only.
(1.1.1) We let EG denote the infinite join of G with itself, otherwise called the Milnor construction. This is a contractible space on which G acts freely and is functorial in G. Now BG will denote the quotient EG/G. If X is a G-variety, we let EG× G X = (EG × X)/G where we identify (p, x) with (pg −1 , gx). Now we obtain a fibration X → EG× G X → BG.
(1.1.2) What will be of crucial importance in the proof of Theorem 1 is the following observation. Let φ : G →Ḡ denote a surjective homomorphism of algebraic groups with kernel H. Now one obtains an induced locally trivial fibration Bφ : BG → BḠ with fiber BH. This follows readily from the definition of Milnor construction. Since the existence of such a fibration is important for us, we will adopt this definition of EG and BG in characteristic 0, throughout the paper. (In positive characteristics, such a fibration does not exist and calls for the use of subtler techniques in [J-4] . See also (2.1.1).)
denote the derived category of bounded complexes of sheaves of Q-vector spaces on EG×
and D b (EG × X) denote the corresponding derived categories on X and EG × X. Let π : EG × X → EG× G X be the quotient, and ψ : EG × X → X the second projection. For an interval I = [a, b] where a < b are integers, we let D G I (X) be the category whose objects are triples (K, K 0 
n (K) = 0 for n < a or n > b, and
A morphism between two such triples (K, K 0 , φ) and (K , K 0 , φ ) is given by a pair of morphisms (1.2.2) Equivariant local systems (characteristic 0). A local system on X will denote a locally constant sheaf of Q-vector spaces. A G-equivariant local system on X, L, is a locally constant sheaf of Q-vector spaces on EG× G X which belongs to the equivariant derived category D G b (X) defined above. The local systems on X correspond to representations of the fundamental group π 1 (X, x o ) where x o is a fixed point of X. Similarly, the G-equivariant local systems on a G-variety X correspond to representations of the fundamental group π 1 (EG×
If X is connected, the fundamental groups above are independent of the choice of the base point x o . The only occasion where we consider non-connected varieties in the above context will be as the connected components of the orbits of a non-connected group G: in this case, the connected components are all isomorphic and hence once again the fundamental group above is independent of the choice of the base point.
(1.2.3) Suppose π 1 (EG× G X, x o ) acts on the stalk L xo of a local system L through a finite quotient group F . This representation of F splits into the sum of irreducible representations: therefore, in this case, L is semi-simple as a G-equivariant local system. For example, suppose X is a unique orbit
xo . Thus, every G-equivariant local system L on X corresponds to a representation of the finite group G xo /G 0 xo and is therefore semi-simple. (1.3.1) Next we will consider the corresponding situation in positive characteristics, so as to provide the correct context for formulating the main results in the paper in that setting. The main difference will be that we adopt the definition of EG, BG and EG× G X as simplicial schemes defined in the usual manner. (See [Fr] pp. 8-9.) Observe that now BG 0 = Spec(k) and we will call this the base point of BG: this will be denoted * . The above simplicial schemes will be provided with the followingétale topology. Let X • denote a simplicial scheme. Now Et(X • ) will denote the category whose objects areétale maps u : U → X n for some n; a morphism u : U → X n to v : V → X m will denote a map w : U → V lying over some structure map X n → X m . Now a sheaf F on ET (X • ) is given by a collection of sheaves {F n |n}, with F n a sheaf on Et(X n ) provided with maps φ α : α * (F m ) → F n for any structure map α : X n → X m . (These maps are required to satisfy an obvious compatibility condition. See [Fr] p.14.) This definition applies to abelian sheaves as well as l-adic sheaves. (1.3.3) G-equivariant local systems in positive characteristics. A G-equivariant local system on X is a G-equivariant l-adic sheaf F = {F n |n} on EG× G X so that F 0 is a lisse sheaf on X i.e. each term of the inverse system F 0 = {F 0,ν |ν} is locally constant. These correspond to l-adic representations of thé etale fundamental group π 1 (EG× G X,x) (wherex is a geometric point of X): this correspondence sends a G-equivariant local system to its stalk at the geometric pointx. To keep the notation uniform, we will identify geometric points with points: i.e. x will be denotex as well.
acts on the stalk L xo through a finite quotient group F . Then the local system L corresponds to a representation of F on the Q l -vector space associated to L xo , which splits up into the sum of irreducible representations. Since the group F is finite, one may show by standard arguments that each of the summands corresponds to an irreducible l-adic representation of F and therefore to a G-equivariant irreducible local system on EG× G X. (The key observations are the following: let V denote a finite dimensional Q l vector space with a representation of F . Since F is finite, one may find a finitely generated Z l -submodule M of V that is stable by F and that generates V as a Q l -module. Now M defines an l-adic representation of F whose inverse limit tensored with Q l is the given vector space V . Recall also that the Hom between two l-adic
local systems that are torsion are identified with the local system 0.) (1.3.4.*)It follows that, under the hypothesis that π 1 (EG× G X, x o ) acts on the stalk L xo through a finite group, the G-equivariant local system L is semi-simple.
The above discussion should serve as a dictionary for translating the main results and proofs to positive characteristics.
(1.3.6) We define equivariant hypercohomology as follows.
, where H * denotes hypercohomology.
(1.3.7) Perverse t-structures and perverse cohomology. One defines a perverse t-structure on equivariant derived categories as in [B-B-D] . See [B-L] or [J-2] section 6 for details. Observe that the heart of the t-structure defines an abelian category and cohomology computed with values in this abelian category will be denoted H
is the n-th perverse cohomology object, which is an equivariant perverse sheaf. The cohomology truncation functor that kills the perverse cohomology in degrees above n will be denoted τ perv ≤n .
(1.4.1) We will presently recall the definition of equivariant intersection cohomology from [J-1] 
and j i denotes the inclusion. Now one applies the construction in (1.1.1) (or (1.3.1) in positive characteristics) to this filtration to obtain the following diagram:
. This is the equivariant intersection cohomology complex (with respect to the middle perversity) obtained from L. In case L is the constant sheaf Q (Q l in positive characteristics), we will denote the corresponding complex by IC G (X). We define
We will presently summarize the main properties of equivariant intersection cohomology in the following results. (See also (1.7.1) and (1.7.2).)
Here IC(X; L) is the intersection cohomology complex on X obtained by starting with the locally constant sheaf L on U 1 . This is clear from the definition of the equivariant intersection cohomology complex.
(1.4.5) Theorem. (Localization theorem in the equivariant derived category for torus actions). Let T denote a torus acting on a variety X and let K ∈ D T b (X). Let T 0 denote a sub-torus of T and let p be the kernel of the restriction map H * (BT ) − → H * (BT 0 ); this is a prime ideal of H * (BT ). Let i : X T0 − → X denote the inclusion of the fixed point subscheme of T 0 . Then one obtains the following isomorphism after localization at the ideal p:
Proof. This is a generalization of the localization theorem in [J-1] (17) and [Bryl] , but the proof is essentially the same. We consider the localization sequence:
Since localization at the prime p is exact, it suffices to show that the last term is trivial after localization at p. Now observe that H *
Therefore it suffices to show that the latter is trivial after localization at p. This follows for example from [Br-2] Appendix, Proposition 5.
0 are finite groups. We will call W the Weyl group of (G, T ).
(1.5.1) Proposition. Let X be a G-variety and let L be a G-equivariant local system on an open G-stable smooth subvariety of X.
0 is trivial, and one has the following isomorphisms:
(ii) If moreover i Y : Y − → X is the inclusion of a G-stable closed subvariety, one has the isomorphisms
X; L) which may be identified with
. Moreover, we claim that the fibers of π are acyclic; then the first isomorphism in (i) and the first isomorphism in (ii) will follow from the Leray spectral sequence and the projection formula.
For the claim, we first reduce to the case where G is connected, as follows. The connected component G 0 contains T . We check that the map from
, it is clearlyétale. It is also obviously injective.
We show the surjectivity as follows. Let g in G, then gT g −1 is a maximal torus of G 0 . Thus, there exists
. This shows that G = G 0 N G (T ) and therefore our map is surjective, i.e. it is anétale bijective map and hence an isomorphism of varieties. Now we reduce to the case where G is (connected and) reductive. Let R u (G) be the unipotent radical of G, with quotientḠ = G/R u (G), a connected reductive group. We identify T with its image inḠ. Since the composition G →Ḡ →Ḡ/NḠ(T ) is surjective and clearly factors through G → G/N G (T ), it follows that the induced map G/N G (T ) →Ḡ/NḠ(T ) is also surjective. Clearly it is smooth with fibers R u (G)/N Ru(G) (T ). As a homogeneous space under a unipotent group, the latter is isomorphic to an affine space and hence is acyclic. Now we can assume that G is connected and reductive, or even semi-simple because N G (T ) contains the center of G. Let B be a Borel subgroup of G containing T ; then the map from G/T to G/B has acyclic fibers and thus H * (G/T ) is isomorphic to H * (G/B). The latter is the regular representation of W = N G (T )/T , and moreover
W which proves our claim.
To prove the second isomorphism in (i), note that IH *
(This follows from Theorem 1.) Moreover, the quotient
. Therefore the hypotheses of Theorem 1 are satisfied.)
(1.5.2) Theorem. (Degeneration of the spectral sequence in equivariant intersection cohomology). Let X be a projective G-variety, where G is connected. Let L denote a G-equivariant local system on an open dense G-stable smooth subvariety of X such that L is semi-simple as a local system. Let IC G (X; L) denote the corresponding equivariant intersection cohomology complex. Then the spectral sequence:
degenerates, where π :
Proof is essentially the same as in [J-1] Proposition (13) where only the case G is a one dimensional torus is considered. That G be connected is necessary to ensure that all local systems on BG are in fact constant. Let U denote an open smooth G-stable subvariety of X on which L is a local system. Since X is equidimensional, U is the disjoint union of its connected components U i all of which are of the same dimension. Since G is connected the U i are stable under the group action. Let L i denote the
Clearly each L i is a semi-simple local system; therefore each IC(X; L i ) and hence IC(X; L) is a pure perverse sheaf. Therefore, the Hard Lefschetz theorem holds for IH * (X; L) and the same proof as in [J-1] Proposition (13) applies.
(1.5.3) Theorem. Let X denote a projective variety provided with the action of a torus T and let L denote a T -equivariant local system on an open smooth T -stable subvariety of X. Assume that L is semi-simple as a local system. Let i : X T − → X denote the inclusion of the fixed point subscheme. Now one obtains the isomorphisms after inverting all non-zero elements of H * (BT ) (i.e. on localization at the prime ideal (0)):
In particular, if IH n (X; L) = 0 for all odd n and x is an isolated fixed point of T , then IH n x (X; L) = 0 for all odd n.
Proof. The first isomorphism follows from (1.5.2) by localizing at (0). By the localization theorem in (1.4.5), one has the isomorphism:
Next let i x : x → X T be the inclusion of an isolated fixed point of T . Then Ri ! IC T (X; L) breaks up into the sum of two complexes one of which is
where d is the dimension of X. This proves the last assertion of the theorem.
We will now recall a few results from equivariant derived categories as in [J-2] .
Let H denote a closed subgroup of G and let X be a H-variety. Then we have a closed immersion
induced by the map X − → G× H X sending x to the class of (e, x).
See [J-2] section 6 for a proof.
(1.6.2) Assume in addition to the hypothesis in (1.6.1) that X is a point x. In this case the cohomology sheaves of K are equivariant on the G-orbit G× 
(1.7.0) Reduction to the constant local system by normalization.
In the rest of this section we discuss a technique whereby we are able to reduce consideration of arbitrary local systems to a constant local system; this simplifies much of the discussion in Section 3.
Let G be connected and let π :X → X be a G-equivariant finite map between G-varieties. There will be two main examples of this situation we consider:
(i) π is the normalization of X and (ii) G has a dense orbit Gx on X (so that X is irreducible) andX is the normalization of X in the function field k(G/G 0 x ).
(1.7.1) Proposition. Assume the situation of (1.7.0). Then the following hold:
(a) If G has finitely many orbits on X, the same holds for the G-action onX.
(b) If S is any affine locally closed subvariety in X, its inverse imageS inX is affine and locally closed.
(c) Let S be as in (b). If, moreover, S is invariant under the action of a subtorus T of G, so isS. If x is an attractive fixed point for the T -action on S, andx is a lift of x toX, thenx is an attractive fixed point on the connected component ofS containingx.
(d) Assume the situation as in (a). If, moreover, every G-orbit in X admits an attractive slice, then the same holds forX.
Proof. The first assertion is clear since the map π is finite. (In fact the inverse image of a G-orbit in X is the disjoint union of finitely many G-orbits inX.) Now we consider the second assertion. Let π S :S → S denote the restriction of the map π. Then the morphism π S is finite, and hence affine. Since S is affine, it follows thatS is affine as well. ThatS is locally closed is clear. Now we consider the third assertion. Clearly each connected component ofS is stable under the action of T . Let λ denote a one-parameter subgroup chosen as in (0.2). Then the action of λ on the ring of regular functions k[S] defines a non-negative grading such that the degree 0 component is one dimensional. Since k[S] is integral over k [S] , it has a non-negative grading and the degree 0 component is finite dimensional. This proves (c). We letSx denote the connected component ofS containingx.
Observe that the map G ×Sx →X factors through G ×Sx → G × π −1 (S), an open immersion, followed by the map G×π −1 (S) →X. The last map is obtained by base change from the smooth map G×S → X and therefore is smooth. This proves the last assertion.
(1.7.2) Proposition (i) Let π :X → X denote the normalization of a G-variety. Let L denote a G-equivariant local system on an open G-stable smooth sub-variety of X and letL = π * (L). Then
(ii) Assume that X contains a dense orbit Gx and let π :X → X denote the normalization of X in the function field of
Here L χ is the irreducible local system on Gx corresponding to the irreducible character χ of G x /G 0 x and the sum varies over all such characters. Moreover, this decomposition of the local intersection cohomology is natural with respect to locally closed G-stable subvarieties Y of X andỸ = π −1 (Y ).
(iii) In the situation of (i) or (ii), let S be an attractive slice in X at the fixed point x under a subtorus T . Let π −1 (x) = {x 1 , ...,x n } and letS = iSx i withSx i denoting the connected component of
in the situation of (i), whereas
in the situation of (ii).
Proof (i) Observe that the map π is birational. It follows readily that Rπ * IC G (X;L) = IC G (X : L). By taking G-equivariant hypercohomology on X (with supports in Y ), we therefore obtain the isomorphism:
This proves (i). Next we consider (ii). Let π 0 :Ũ = π −1 (Gx) → Gx denote the map induced by π, and let Q denote the constant local system onŨ . Observe that
L χ is the irreducible local system on Gx corresponding to the character χ of
The remaining assertions in (ii) are clear by taking G-equivariant hypercohomology on X.
Now we consider (iii) in the situation of (ii). Consider the cartesian square
where the mapπ is induced by π. Therefore, by proper base change, one obtains that
(Here we have used L χ to also denote the pull-back of the local system L χ to G× T S).) Under the equivalence of derived categories
S is the map induced by π. Now the conclusion of (iii) will follow by applying base change to the cartesian square:
The argument in the situation of (i) is similar. (In the place of (1.7.2.1) ((1.7.2.2)) we obtainπ
We will consider only the case of characteristic zero explicitly throughout the rest of the paper.
Proof of Theorem 1
We will prove the first three statements of Theorem 1 first. Let K ∈ D G b (X) and let π : EG× G X → BḠ denote the obvious map. We will presently show that R n π * (K) is a locally constant sheaf on BḠ for all n. Let π H : EH× H X → BH, π G : EG× G X → BG andπ : BG → BḠ denote the maps in (1.1.1) and (1.1.2). Observe that π factors asπ • π G . By replacing K by Rπ G * K we may assume X is a point i.e. EH× H X = BH, EG× G X = BG and π =π. Now let γ : I = [0, 1] → BḠ denote a path; let F I , F 0 and F 1 denote the pull backs under π over I, 0 and 1 respectively . Now one obtains spectral sequences:
Clearly the inclusions of F 0 and F 1 in F I induce maps of these spectral sequences. Since the cohomology sheaves of K are locally constant, (by choosing the path to lie in a small enough open set in BḠ) and the fibrationπ is locally trivial, it follows that one obtains an isomorphism at the E 2 terms and thereby an isomorphism of the abutments. Thus, each R n π * (K) is locally constant. Now it suffices to obtain the identification of the stalks of the above sheaf at the base point p in BḠ. We go back to the general case where X is no longer a point.
Since Rπ * K = Rπ * Rπ G * (K), we have
The second isomorphism follows from the observation that the mapπ is a locally trivial fibration with fibers BH. The third isomorphism is clear by observing that that both π G and π H are locally trivial fibrations with fiber X. The equivalence of categories between locally constant sheaves on BḠ and representations of π 1 (BḠ) =Ḡ, now provides an action ofḠ on the stalks of R n π * (K) that is natural in K. Finally the Leray spectral sequence for the map π provides the spectral sequence:
. This spectral sequence degenerates sinceḠ is a finite group and provides the isomorphism H * G (X; K) = (H * H (X; K))Ḡ. The last statement in (iii) may be obtained as follows. Since F acts trivially on X, we obtain EG×
Observe that
This completes the proof of (iii) in Theorem 1.
(2.1.0) Observe from the above proof that each R nπ * (K) is a local system on BḠ. (2.1.1) It will become necessary to develop the techniques in (2.1.1) through (2.2.5) in order to establish the last statement in Theorem 1. Establishing the corresponding results in positive characteristics involves defining the derived functor Rπ * so that its stalks may be identified with the equivariant hypercohomology with respect to the group H. Therefore we leave this to the paper [J-4] by the second author.
(2.1.2) Recall that the mapπ : BG → BḠ is a fibration with fiber BH. If Q is the constant sheaf on BG, then Rπ * (Q) is a complex of sheaves on BḠ. The multiplication Q ⊗ Q − → Q induces an associative pairing: Rπ * (Q) ⊗ Rπ * (Q) − → Rπ * (Q). This shows Rπ * (Q) is a sheaf of differential graded algebras on BḠ.
(2.1.3) Let BiM od(BḠ; Rπ * (Q)) denote the category of sheaves of bi-modules over the sheaf of differential graded algebras Rπ * (Q) on BḠ. An object in this category is a complex of sheaves M on BḠ provided with (coherently) associative pairings : Rπ * (Q) ⊗ M − → M and M ⊗ Rπ * (Q) − → M that make the obvious diagrams commute. (See [K-M] for details on differential graded algebras and modules over them.)
(2.1.5) Let ∆[1] ⊗ Q denote the normalization of the simplicial abelian group given by n − → ∆[1] n ⊗ Q. We will define two maps f, g : K − → K in BiM od(BḠ; Rπ * (Q)) to be homotopic if there exists a map
⊗ Q, i = 0, 1, being the obvious map. The associated homotopy category is denoted HBiM od(BḠ; Rπ * (Q)). The corresponding derived category is obtained from HBiM od(BḠ; Rπ * (Q)) by inverting maps that induce isomorphisms on cohomology. Its full sub-category consisting of complexes that are bounded below (and whose cohomology sheaves areḠ-equivariant) will be denoted D + (BiM od(BḠ; Rπ * (Q))) (DḠ + (Bi − M od(BḠ; Rπ * (Q))), respectively ).
Next let M , N in DḠ + (BiM od(BḠ; Rπ * (Q))). Then there exists a spectral sequence:
If moreover at each pointx of BḠ, H * (M )x is a free module over H * (Rπ * (Q))x ∼ = H * (BH; Q), then the above spectral sequence degenerates and E s,t 2 = 0 for all s > 0. The spectral sequence is established in [K-M] 
The same definition yields a functor
(See [K-M] part III for a definition of the above derived functors in a somewhat more general setting.) (2.2.3) Proposition. Assume in addition to the above hypotheses that the group H is connected.
, there exists a map Lπ * R(π * K) − → K that is a quasi-isomorphism and is natural in K.
(ii) The functor Rπ * :
(The two RHom denote derived functors of the appropriate internal Homs.)
Proof. Observe that Lπ
* is the left adjoint to the functor Rπ * . Therefore the naturality of the map in (i) is clear. To show it is a quasi-isomorphism one proceeds as follows. From the proofs of (i) through (iii) of Theorem 1 above, it follows that each R nπ * (K) is a local system on BḠ. Letx denote a point of BḠ, let ix :x → BḠ and letīx : BH → BG denote the corresponding closed immersions. (Observe that the fiber ofπ over any pointx of BḠ is isomorphic to BH and that the sheaves R nπ * (K) are locally constant on BḠ. Therefore we may in fact assume the pointx is the base point * of BḠ.)
denote the obvious functors. Finally letπ x : BH →x denote the projection induced byπ. Now it suffices to show that the induced mapī
x (K) is a quasi-isomorphism. One may readily identify the above map to be: Lπ *
by the proof of (i) of Theorem 1 whileī −1
x (K) is the restriction of K to BH, the geometric fiber ofπ atx. In other words, we reduce to proving the theorem in case G is replaced by H. In this case the naturality of the map in (i) shows that it suffices to prove it when K is replaced by one of its cohomology sheaves. These cohomology sheaves are constant on BH (since H is connected and therefore BH simply connected); therefore (i) is clear in this case. Now (ii) follows immediately from (i).
In order to prove (iii), it suffices to show that if P ∈ DḠ + (BiM od(BḠ; Rπ * (Q))), then Hom(P , -) applied to the above terms is an isomorphism. (Here Hom denotes the Hom in the derived category DḠ + (BiM od(BḠ; Rπ * (Q))).) This follows readily in view of the adjunction between the RHom Rπ * (Q) and L ⊗ Rπ * (Q) (see [K-M] part V) and completes the proof.
(2.2.4) Given M ∈ DḠ + (BiM od(BḠ; Rπ * (Q))), we define the dual of M to be RHom Rπ * (Q) (M, Rπ * (Q)).
This will be denoted D Rπ * (Q) (M ).
Now one may re-interpret (2.2.3) (iii) with
We may now complete the proof of statement (iv) in Theorem 1 as follows. Let K ∈ D G b (X) be as in the hypothesis of Theorem 1 and let L = Rπ G * (K). One may now identify
where the last isomorphism follows from (2.2.5). By definition, the last term equals H n (RΓ(BḠ; RHom Rπ * (Q) (Rπ * (L), Rπ * (Q)). Taking X a point, G the finite groupḠ and H the trivial subgroup, Theorem 1 (i) shows that the last term may be identified with H n (RHom Rπ * (Q) (Rπ * (L), Rπ * (Q)))Ḡ. Now the degeneration of the spectral sequence in (2.2.1) applies to identify this with (Hom
this completes the proof of Theorem 1.
Filtration of global equivariant intersection cohomology by local equivariant intersection cohomology.
We begin the proof of Theorem 2 with the following.
(3.1) Proposition. Let X be a G-variety and let O be a closed G-orbit in X. Assume that O admits an attractive slice S at x, stable by a maximal torus
Tx is open and closed in X Tx .
Proof. The normalizer N G (T x ) acts on X Tx and on O Tx . Moreover, the quotient
It is well known that
O Tx = N G (T x )x. (Indeed, let g ∈ G such that gx ∈ O Tx . Then T x and g −1 T x g are maximal subtori of G x . Thus, there exists h ∈ G x such that g −1 T x g = hT x h −1 . Now gh ∈ N G (T x ) and gx = ghx ∈ N G (T x )x.)
It follows that O
Tx is a finite union of closed orbits of C G (T x ) 0 . Thus, it suffices to check that
x is smooth, it is enough to check that the Zariski tangent spaces of C G (T x ) 0 x and of X Tx at x coincide. For a scheme Y and a point y ∈ Y , we denote by T y Y the corresponding Zariski tangent space. Because the map G × S → X is smooth at (e, x), its differential Lie(G) × T x S → T x X is a surjective linear T x -equivariant map. (Indeed, the differential of a smooth morphism is surjective, as follows e.g. from [A-K] IV (4.5) and V (1.8)). Moreover, because S is attractive, the fixed point set (T x S)
Tx consists of the origin. Thus, the natural map Lie(G)
Tx . This proves our claim.
In the situation of (3.1), let T denote a maximal torus of G containing T x and let
0 denote the corresponding Weyl groups. By (1.5.1), we may identify H * (BG) with H * (BT ) W and H * (BG x ) with H * (BT x ) Wx . Let q x be the kernel of the restriction map H * (BT ) − → H * (BT x ); similarly, let p O be the kernel of the restriction map 
Let ψ : O − → X denote the inclusion. Let L denote a G-equivariant locally constant sheaf on an open G-stable smooth sub-variety of X.
(3.4) Proposition. In the above situation, the long exact sequence in G-equivariant hypercohomology
Recall that H * (BG) identifies with the subspace of W -invariants in H * (BT ). More generally,
, by (1.5.1). Thus, our statement means that the long exact sequence
breaks up into short exact sequences after inverting all elements of
Tx − → X and η : X Tx − → X denote the inclusion maps. By the localization theorem (1.5.4), we have the following isomorphisms:
Moreover, by (3.1), X Tx is the disjoint union of the closed subsets (X − O) Tx and O Tx . Thus, the map H *
) is injective after localizing at q x ; in other words, the kernel M of this map is killed by localizing at q x . To conclude the proof, it is enough to check that the
Let m ∈ M W . We can find f ∈ H * (BT ) − q x such that f m = 0. Let n be the cardinality of the orbit W f and let e 1 (f ), . . . , e n (f ) be the elementary symmetric functions of the w(f ) (w ∈ W ). Then each
n e n (f ) = 0, it follows that some e i (f ) is not in p O : otherwise, we would have f n ∈ p O and thus f n ∈ q x , a contradiction.
Remark. The results in (3.5) through (3.8) will show that the long exact sequence above breaks up into short exact sequences without localization at a prime ideal as in (3.4). Clearly this would prove Theorem 2(i).
(3.5) Proposition. Assume the hypotheses of Theorem 2 and denote by i x : x → X the inclusion. Then we obtain isomorphisms
These isomorphisms are equivariant for the natural action of
and on H * (BC Gx (T x ) 0 ), and for an induced action of W x on i * x H * (IC(X; L)).
Proof. The first and last isomorphisms are clear since C Gx (T x ) 0 /T x is a unipotent group. The hypotheses of Theorem 2 imply that G 0 has also only finitely many orbits on X and therefore on the open dense G-stable subvariety U 1 . Since X is assumed to be equidimensional, all the connected components of U 1 are of the same dimension and each contains an open dense G 0 -orbit. By our hypotheses, U 1 is the union of the corresponding G-orbits, all of which are also of the same dimension. Let Gx o denote one of these orbits. Now the local system L corresponds to a representation of
Then one sees by (1.2.3) that L is semi-simple as a G-equivariant local system. , this corresponds to a semi-simple T x equivariant local system on an open T x -stable subvariety, S o of S − x. We will denote this local system by L S . Since BT x is simply connected, one may see that this local system restricted to each connected component of S o is also semisimple (i.e. on forgetting the group action). Since the map φ is smooth, one observes that φ (3.5.1) In other words, if j x : x − → S denotes the inclusion, one may observe that i *
Now consider the spectral sequence
We will first prove that this spectral sequence degenerates. For this, one may invoke (1.7.2) (iii) to reduce to the case where L is the constant local system (specifically, one first normalizes X, obtaining a disjoint union of irreducible normal varietiesX i . Then one normalizes eachX i in the function field of G/G 0 xi , where Gx i is open inX i .) Now (3.5.1) shows that we may replace X by S and the equivariant intersection cohomology complex IC Tx (X; L) on X by the corresponding complex IC Tx (S; L S ) on S. Therefore, in (3.5.2) through (3.5.10), we will replace X by S, and assume that L is constant.
Next, let T x S be the tangent space to S at x; then there exists a T x -equivariant closed immersion i : S → T x S. Moreover, there exists an injective one parameter subgroup λ : G m − → T x such that the action of G m on T x S through λ has only positive weights. (See (0.2) and (A.1) for the definition and basic properties of slices.) For simplicity, denote λ(G m ) by T . Now the quotients Y = (S − x)/T and P = (T x S − 0)/T exist and the latter is a weighted projective space containing the former as a closed subvariety. Moreover Y is also equidimensional. Further, the map π : S − x − → Y is the restriction of the mapπ : T x S − 0 − → P, both with fibers isomorphic to G m . (We will refer to both these maps as G m -quasi-fibrations, for want of a better term.) The first Chern class of the G m -quasi-fibrationπ exists as the class in H 2 (P) of a hypersurface. To see this, observe that P is the P roj of a finitely generated graded algebra and therefore there exists a positive integer n 0 such that, for any positive integer n, the sheaf O P (nn 0 ) is invertible and very ample. (See [Dolg] .) Let i : P − → P N be the closed immersion defined by O P (n 0 ), where P N denotes the usual projective space of dimension N over k. Then the Hard Lefschetz theorem (as in [B-B-D] Théorème (5.4.10)) applies to the class of a hyperplane in P. We will denote this class by c 1 (π).
Observe that T x acts on Y through the action of T x /T and the map π :
.., n denote the connected components of Y o . (Observe that these are stable by the action of T x and of the same dimension.) We define ( This follows from (A.3) in the appendix; here H n perv denotes the n-th perverse cohomology. Moreover, One now obtains the following commutative diagram:
will denote the corresponding complex. Next we show that there exists a spectral sequence:
For this we use the perverse t-structure to obtain a distinguished triangle:
The above spectral sequence is obtained by applying Rp * to the above distinguished triangle. Since E s,t 2 = 0 for t different from 0 or 1 (see (A.3)) we obtain a long exact sequence:
Moreover, for any geometric point ξ of BT x and for any integer m, we have the identifications:
The first follows from (A.3) and the second is clear. Therefore, on taking stalks at ξ, the long exact sequence in (3.5.4) provides the Wang exact sequence (see [K-L] p. 194):
The Hard Lefschetz theorem in intersection cohomology shows that the first and last maps are injective for all n ≤ dim Y = dim S − 1. Therefore, the long exact sequence in (3.5.4) breaks up into short exact sequences for all n ≤ dim Y . In particular it shows that for all n ≤ dim Y ,
is a complement to the image of the map ∪c 1 (π) i.e. in the above range, R n p * (IC Tx (S − x)) is the primitive part of R np * (IC Tx (Y )) for the action of c 1 (π).
Observe further that H n (IC Tx (S)) x = 0 for all n > dim Y . (This follows from the axioms of intersection cohomology, see (1.4.4)(ii).) One may observe exactly as in [K-L] p. 194 , that one obtains the isomorphism for all (geometric) points ξ ∈ BT x : (3.5.8)
Next recall that x is a fixed point for the T x -action on X. Therefore i *
The constant sheaf on BT x with stalks isomorphic to H n (i * x IC(S)) is H n (IC Tx (S)) x . Therefore, combining (3.5.7) and (3.5.8), we obtain the identification:
Now consider the cohomological functor F − → H * (BT x ; F ), D b (BT x ) − →(abelian groups) obtained by taking the cohomology of BT x with respect to the complex F . According to [De] Theorem (1.5) (see (1.5.2)), the spectral sequence:
degenerates when F = Rp * IC Tx (Y ). Moreover the differentials are all trivial. Therefore one may conclude that the differentials in the corresponding spectral sequence for F = i * x (IC Tx (S)) are also trivial and that it degenerates. Thus, one obtains the identification:
In view of (1.7.2) (iii) the last identification holds with the local system L S in the place of the constant local system. Now (3.5.1) shows that the same isomorphism holds and the spectral sequence in (3.5.9) degenerates where X is the original variety and with the local system L in the place of L S .
It follows from Theorem 1 that there exists an action of the Weyl group
(pt) and that this action is natural in K. Therefore there exists an action of W x on H * (BT x ; τ ≤m (IC Tx (X; L)) x ) that is natural in m. It follows that the W x -action is compatible with the differentials of the spectral sequence in (3.5.9). Since the above spectral sequence degenerates, the isomorphism of the abutment with ⊕ r,s E s,t 2 is one of W x -modules.
To complete the proof of Proposition (3.5), we must show that there exists an action of W x on i * x H * (IC(X; L)) such that the second and third isomorphism of this proposition are equivariant. But this results from the following standard result below with
(3.6) Lemma. Let A be a positively graded k-algebra with an action of a finite group F and let M be a positively graded A-module endowed with a compatible action of F . If the A-module M is free, then there exists a graded F -stable subspace V of M such that the natural map A ⊗ V → M is an isomorphism.
Proof. Let A + be the maximal graded ideal of A. Consider the surjective, F -equivariant map p : M → M/A + M . Since F is a finite group, there exists a graded F -stable subspace V of M which is mapped isomorphically to M/A + M by p. Then A ⊗ V → M is an isomorphism, by the graded Nakayama lemma.
Remarks. (i) Observe that exactly the same proof holds in positive characteristics by replacing the constant sheaf Q with Q l .
(ii) The existence of the Wang exact sequence as in (3.5.6) is stated in [K-L] p. 194 without proofs.
(3.7) Corollary. Assume the hypotheses of Theorem 2. Then we obtain the isomorphisms:
where d is the dimension of X. We apply Theorem 1 (iv) with
o . It follows by (3.5) that the hypothesis that
Thus:
Observe that the dualizing sheaf on D
has locally constant cohomology sheaves on BN G (T x ). Therefore one may readily obtain the quasi-isomorphism
Now we apply Theorem 1 (iv) with
[2d] (observe that this applies here since
to obtain:
Since the terms in (3.7.1) and (3.7.2) are the same we obtain the isomorphism in (i). The proof of (ii) is similar and is skipped.
Now we are in a position to complete the proof of Theorem 2. where the first isomorphism follows from the short exact sequence above, and the second one from Theorem 1 (ii) with G = N G 0 (4.3.1) Next we review the local structure of spherical varieties. By the above lemma we may assume X is a normal spherical variety. Now we recall the following from [Br-1] p. 399. Let x X; choose a Borel subgroup B of G such that the orbit Bx is open in Gx. Set (4.3.2) X Bx = {y X | By ⊇ Bx}.
Then X Bx is affine, B-stable and Zariski open in X, and X Bx ∩ Gx equals Bx. Set (4.3.3) P = {g G | gX Bx = X Bx }.
Then P is a parabolic subgroup of G containing B; let R u (P ) denote its unipotent radical. Moreover, there exists a Levi subgroup L of P , and an L-invariant closed subvariety Σ of X Bx containing x, such that (4.3.4) the map R u (P ) × Σ − → X Bx , (g, x) − → g.x is an isomorphism.
Then Σ is an affine spherical L-variety that meets Gx along Lx. Finally, the isotropy group L x contains the derived subgroup of L; in particular, L x is reductive. Thus, we can write
where S is a L x -spherical affine variety containing x as the unique fixed point, and L × Lx S denotes the quotient of L × S by the diagonal L x -action. Then the natural map L × Lx S − → L/L x = Lx is a fibration with fiber S. It follows that S is a slice to Gx at x for the B-action on X. Because X is normal, Σ and S are normal as well.
(4.4) Next we recall that any spherical G-variety X admits an equivariant resolution of singularities, i.e., there exists a smooth G-varietyX together with a proper birational G-equivariant morphism π : X → X. Then the G-varietyX is also spherical; if moreover X is complete, we may arrange so thatX is projective.
(4.5) Proposition. If X is a complete spherical variety and L is a G-equivariant local system on the open G-orbit of X, then IH n (X; L) = 0 for all odd n.
L through its image in π 1 (EG× G Gx o ) which is finite. Therefore L is semi-simple as a local system, and Theorem (1.5.3) applies.) (4.7) Proof of Theorem 4. We argue by induction on the dimension of X. So we may assume that the theorem is true for all spherical varieties of strictly smaller dimension. Moreover, in view of (4.2), we may assume that X is normal. Now, if x is fixed by G, then H n (IC(X; L)) x = 0 for all odd n, by Lemma (4.6).
The G-equivariant local system L restricts to a P -equivariant local system on a P -stable open subvariety of X Bx . Under the isomorphisms in (4.3.4) and (4.3.5), this corresponds to an L x -equivariant local system L S on the open L x -orbit on S. (Observe that the isomorphism in (4.3.4) is L-equivariant, when L acts on the left hand side by l(u, s) = (lul −1 , ls), l L, u R u (P ) and s Σ.) If x is not fixed by G, then dim(S) < dim(X) and (4.3.4), (4.3.5) imply that (4.7.1)
for all n. Now we conclude by the inductive hypothesis in this case.
In the rest of this section we consider the orbit closures of symmetric subgroups in flag manifolds.
(4.8) Let G denote a connected reductive group and let θ be an automorphism of order two of the algebraic group G. Let K denote the fixed point subgroup of θ and let B denote a Borel subgroup of G. Now K acts on the flag manifold G/B. It follows from [Sp] and [M-S] that the hypotheses of Theorem 2 are satisfied by the closures of the K-orbits on G/B. The main result of this section is that the global odd dimensional intersection cohomology groups of these orbit closures with respect to the constant local system are trivial. Now one may apply Theorem 3 (ii) which provides the vanishing of an invariant part of odd dimensional intersection cohomology sheaves.
(4.9) First recall that K need not be connected in general; by a theorem of Steinberg, K is connected if G is semi-simple and simply connected (see [St] .) The following are now standard examples of the above situation.
Examples (See [R-S] section 10.) (4.9.1) Let G denote a connected reductive group and B a Borel subgroup of G. Now let G = G × G with the involution θ interchanging the two factors. Then K = G and, by the Bruhat decomposition, the K-orbits on G/B × G/B are parameterized by the Weyl group of G. In this case each stratum has a fixed point for the action of a maximal torus of G and therefore the theorem in (1.5.3) applies.
(4.9.2) Let G = GL n and let θ be defined by θ(g) = t g −1 . Now the fixed point group of θ is the orthogonal group O n . We may also let G = P GL n and let θ on P GL n be induced by the involution θ on GL n .
(4.9.3) Let G = SL n and let θ be defined by θ(g) = t g −1 . Now the fixed point group of θ is the special orthogonal group SO n .
(4.9.4) Let G = SL 2n and let J G be defined by J(e i ) = −e n+i and J(e n+i ) = e i , i = 1, ..., n where e 1 , ..., e 2n is the standard basis of k 2n . Define θ by θ(g) = J( t g) −1 J −1 . Now the fixed point group K is the symplectic group Sp 2n .
The following result is a consequence of [R-S] Theorem 4.6. 
